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Abstract. It is well-known that the Manneville-Pomeau map with a 
parabolic fixed point of the form 141 + x 1+a mod 1 is stochastically 
stable for a > 1 and converges weakly to the Dirac measure at the fixed 
point. In this paper we show that if a S (0, 1) then it is also stochasti- 
cally stable. Indeed, the stationary measure of the random map converges 
strongly to the absolutely continuous invariant measure for the determin- 
istic system as the noise tends to zero. 



1. Introduction 

In this paper, we consider stochastic stability of (topologically) expanding 
circle maps with neutral fixed points under noise. Let T = K/Z be the circle. 
For each a > 0, let S a denote the collection of all orientation preserving covering 
maps / : T — > T which satisfy: 

(1) there exist a finite set P and an integer N > so that Pq := f N (P) 
consists of fixed points of / and so that the map / is C 1+Q on each 
component of T \ P; 

(2) for each p e P , 

Df(pZ) > Df(p+) > 1, 
and for each x € T \ Pq . 

Df{x~) > Df(x+) > 1; 

(3) for each p 6 P , if Df(p^) = 1 (resp. Df{p$) = 1), then there exists 
A + > (resp. A~ > 0) so that 

,. Df(x)-1 . ( ,. Df(x)-1 
hm // ~ > A+ resp. hm , , . > A- 

xlpa d(X,PQ) a \ xtpo d(X : po) a 

Here we assume that DJ(xq ) (resp. Df(xo)) exists and is defined as lirn^Q Df(x) 
(resp. lira^ Df{x)). 

These maps serve as the simplest examples of non-uniformly expanding dy- 
namical systems with 'intermittency' and are often used to test the efficiency 
of a method. Examples are the famous Pomeau-Manneville map |PM| 

f{x) =x + x 1+a mod 1 
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and the following map popularised by Liverani-Saussol-Vaienti [LSVJ: 

t( s_[ x(l + 2 a x a ) for x G [0, 1/2), 
nx) ~ \ 2x- 1 for x G [1/2,1]. 

Under some additional conditions it is well known that a map / G <§ a has a 
unique physical measure fj,f. for Lebesgue a.e. itl, we have 



^ n— 1 



as n — )• oo 

i=0 

in the weak star topology. When a > 1 at one of the fixed points, then 
is the Dirac measure at po while for a G (0,1), /// is absolutely continuous 
with respect to the Lebesgue measure, see [Pi] and also |Zw| . In fact, it was 
even shown that for a G (0,1) these maps are mixing with polynomial decay of 
correlation, see for example |Y2i Theorem 6]. |Y3j . |Hu| and |LSV| . For large 
deviation results concerning such maps, see |MN| . |Mel| . |PS| and |DGMj . 

In this paper we will also consider this situation under stochastic perturba- 
tions. More precisely, let ft{x) = f(x) +t mod 1. For each e > let 9 e denote 
the normalized Lebesgue measure on [— e,e]. Let fij* = [— e,e] N and let Of be 
the product measure on this space. Let F:Tx tt® 4Tx denote the map 

(x,t 0) h,...) i ^ (f to {x),t 1 ,t 2 ,...). 

Write 

ft = /t„_, ° ■■■/*! °/to- 
We denote by P e the measure Leb x Of on T x Cl £ , where Leb is the Haar 
measure on T. 

A Borel probability measure fi £ on T is called a stationary measure for 9 £ , 
if for each Borel subset E of T, we have 



If / has a unique physical measure fif, then we say that / is stochastically stable 
with respect to (# e ) e >o if for each e > small enough, there exists a unique 
stationary measure /i £ for £ and /i £ —¥ (if as e —¥ in the weak star topology. 
We say that / is strongly stochastically stable if /i £ — > /if in the strong topology, 
i.e. if dt v (/j, s , jj,) — ?> as e — > 0. Here dtvipe,^) = su Pa | Me (^4) — m(^4)| where 
A runs over all Borel sets. If /i £ , [if are absolutely continuous with densities ( 
and £ £ , then strong convergence is equivalent to 1 1 C — Ce 1 1 1 ~~ ► as e — > where 
|| • ||i stands for the L 1 norm. 

The main result of this paper is the following theorem. 

Main Theorem 1. Let f G S a for some < a < 1 and let 9 £ be as above. 
Then there exists eo > such that the following properties hold for each e G 
(0,e ): 

(1) The random dynamical system ft has a unique stationary measure \i e . 

(2) The support of the stationary measure fi £ is equal to T, [i £ is absolutely 
continuous and for almost all (x, t) G T x Q £ , 



n— 1 

n t-^ 



6 f i(x) H e 
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in the weak star topology. 

(3) / has a unique absolutely continuous invariant measure. 

(4) / is strongly stochastically stable. 

Remark 1.1. The proof goes beyond the case of additive noise: Let Cl £ be 
a set which is bounded in the C 1+a norm and which is contained in an e- 
neighbourhood of / in the C 1 topology. Let G: T x (l® -> T x Q.® be of the 
form (x, go, g%, . . . ) i— > (go(x), g±, g2, • • • ) and consider a measure 9 e on Q e with 
the property that there exists L > so that for each x and each Borel set E 
one has 6 e ({g € fi e ;g(a:) G £}) < id^l/e) 1 ^. The results stated in the Main 
Theorem go through in this setting. Indeed, the only places where the precise 
form for the noise perturbations is used are Proposition 13.31 and Lemmas 14.21 
and 14.61 where the same proofs go through. 

We should also remark that if / 6 S a for some a > 1, then / is stochastically 
stable, see |ArT| . In this case fj, e for each e > is absolutely continuous 
but /i/ is supported on the unique neutral fixed point, so the total variation 
dtvi/J-ei P>f) !• Thus / is not strongly stochastically stable when a > I. 

Over the last two decades there has been an increasing interest in stochas- 
tic stability. The hyperbolic case is fairly well understood, see |KK| . [Kilj . 
|Ki2| . |Y1| and also [Metj (for Lorenz maps) and [C] (for piecewise expanding 
maps in higher dimensions). There are also some results in the non- uniformly 
hyperbolic case, see | AVil| . |AVj . |AA| . |Alj . | AVilj . In addition there are 
also quite a few result which deal with the case of quadratic interval maps 
and Henon maps, mostly using Benedicks-Carelson parameter elimination, see 
[BeYj . [BaY] . [BaY] and [BeV] . For surveys see [V] and [BLW] . 

Recently, strong stochastic stability was shown for a large class of non- 
uniformly expanding interval maps (with critical points) by the first author 
in (Sj. Comparing to the maps considered there, the non-linearity and com- 
binatorics in our current setting are much simpler. However, there is a new 
phenomenon to be analyzed in the current setting: a random orbit may stay in 
a small neighborhood of the neutral fixed point for a very long time, so during 
these periods, only very weak expansion can be obtained. We believe that this 
paper is the first to deal with stochastic stability in systems with this kind of 
intermittency behaviour. 



2. Strategy of proof and some preliminary definitions 

There are several approaches for proving the existence of an absolutely con- 
tinuous invariant measure in the deterministic case. The most classical of these 
is to view this as a fixed point problem by considering the Perron-Frobenius 
operator acting on some subspace of L 1 functions <fi: 

f(y)=x 

The challenge then is to construct a suitable Banach space of density functions 
and show that one can apply some fixed point theorem in this Banach space 
(whose fixed point will be the density of the invariant measure). This approach 
was used with great success by many people in the hyperbolic case, but is 
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less flexible and appropriate in the case where one has no or only a very weak 
hyperbolic structure. 

Another approach is to estimate 

directly, by establishing upper bounds for the size of a set f~ n (A). This is 
done by decomposing the various components of f~ n (A) and using certain first 
return maps. In the deterministic case this approach was taken in |NS) . [BSSJ, 
|BRSS| . 

A third related approach is to consider induced transformations on some 
'tower', to show that the induced transformation has an absolutely continuous 
invariant measure and subsequently then to show that the inducing times are 
summable. This approach is also rather classical and has gained popularity 
through the work of |Y2| and |Y3j and was applied successfully to interval and 
Henon maps which are weakly hyperbolic (namely satisfying Collet-Eckman 
and certain slow recurrence conditions). 

Our approach is a mixture of the previous two and follows Shen's proof in 
[S) in which he shows stochastic stability for a large class of non-hyperbolic 
interval maps (with maps which satisfy assumptions which are much weaker 
than the usual Collet- Eckmann conditions). 

One issue our proof needs to overcome is that a map / g S a is not differen- 
tiable everywhere, which means that when n is large, /" can have many points 
at which it is not differentiable. 

2.1. Distortion. In the following we fix < a < 1 and / 6 S a . As usual, we 
shall identify an interval in K of length < 1 with its projection on T. For a 
C 1+a diffeomorphism h : J — > J', define the distortion as 

Dist(h|J) = sup log(\h'(x)\/\h'(y)\). 

x,y&J 

If J C T is an interval which is disjoint from 

P«={peP:Df(p-)> Df(p+)}, 

and such that f\J is injective, then / : J — > /(J) is a C 1 diffeomorphism which 
is C 1+a outside Pq and therefore Dist(/|J) < C|J| a , where C is a constant 
depending only on /. It follows that if f n \ J is injective and none of the intervals 
J, . . . , f n ~ l {J) intersect P* then f n \J is a C 1 diffeomorphism onto its image 
and 

n-l 

Dist(f ij^Ei/w- 

i=0 

Of course, if J intersects then f\J fails to be C 1+Q , but due to our as- 
sumption on the local properties of / near p 6 P, the sum ^27=0 I/ 1 (^01° s ^ m 
provides distortion control of f n \J, see Section ItT^l 

For any ieT,te!lf and r e (0, 1/2), we shall use U^ n \x,t) to denote 
the component of (/^ l ) _1 (P r (/ t n (a;))). Note that /" maps Ur (x,t) homeo- 
morphically onto B T (f^(x)). Let 

A^(x,t) = M{Dfl\y+) : y e U^(x,t)}, 
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and let 



(2.1) ^ n) (x,t)= sup J2 



Ar"'(x,t) is a lower bound for the expansion and ^ n \x,t) will be used to 
control distortion. 

We shall use the following observation repeatedly. 

Lemma 2.1. For any x G T, t € N 7 positive integers m, n and t > 0, we 
have 

^ m+n \x, t) < ^ m \f t l {x), a n t) + A~ a ^\x, t), 

where A = A^ n \f^(x),a n (t)) and r' = A _1 t. In particular, 

^ m+n \x, t) < ^ m Hf t L (x), a n t) + A- a ^(x, t). 

2.2. Escape times. Take / to be a neighbourhood of Pq so that each compo- 
nent of I contains a unique fixed point and so that (i) /(/) compactly contains 
/ (ii) f\I is injective (iii) for any x G I, f(x) ^ / implies f 2 (x) £ I (iv) if 
x, f{x) G I, then they are contained in the same components of /. By shrink- 
ing / if necessary, we assume that these properties (i)-(iv) are still satisfied 
when / is replaced by f t with \t\ small. 

Definition 2.2. The first escaping time of (x,t) G T x [— e ,£o] is defined as 

E(x,t) := inf{m > : ,/ t m (x) £ /} 

and the first essential return as ri(x,t) = inf{s > E(x,t) : ft(x) G /}. 

Definition 2.3. The k-th essential return time r k ,t = Tk,t(x) for x G T and 
t G is defined inductively as follows. For each k > 2, define 

F fc _i(z,t) = / t r *- l(x,t) (aO, and 
r k (x,t) = inf{s > r fc _i(x,t) + E{F k _ l {x,t)) : f^x) e /}. 

To reduce the notation in the following argument, we shall introduce two 
constants r* and A* now. Let t, > be a constant smaller than the distance 
from /^(J) n I to T \ I and let A, := inf{£>/(a;) : x £ f~ 3 (I) D 1} > 1. 

Lemma 2.4. Provided that e > is small enough, for each x € I and t G 0^ 
with E(x, t) < oo, we have 

Proof. Write E = E(x, t). Provided that e > is small enough, / t B_1 (t4f 5 (a;, t)) 

is disjoint from /- 3 (/)n/. Thus for each y G U^\x,t), Df t E (y) > D/^.^/f" 1 ^)) > 
A,. □ 

Write ^f(")(x,t) = jSf^fot), A( n >(jc,t) = A^(x,t) and U^(x,t) = 

Definition 2.5. An integer to > 1 is called a K -scale expansion time of (x, t) 
if 

J^ (m) (M) < A", and m > £(x,t). 

We define 

mx(x, t) := inf{TO; to is a AT-scale expansion time of (x, t)}. 
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2.3. The Key Estimate. The main step in the proof of the Main Theorem 
is the following tail estimate: 

Theorem 2.1. For any a £ (l,a), there exist K > and Cq > such that 
for each m > 1, we have 

P £ {{x, t); m Ko {x, t)>m)< Cqtr- 1 ^, 

provided that e > is small enough. 

2.4. Organisation of this paper. In Section[3]we prove first expansion and 
distortion estimates associated to the first escaping from the parabolic fixed 
point. Then in Section 21 we show that for a certain large set of parameter 
set the distortion associated to certain essential returns has control. These 
estimates will then be used in Section [5] to obtain the required tail estimate 
from Theorem 12.11 In Theorem 16.11 an induced map with Markov properties 
and which still satisfies a similar tail estimate. The main theorem will then be 
deduced from Theorem 16.11 in the final part of Section [51 

2.5. Notation. Given functions a, b: K — > M (or sequences a n ,b n ), we write 
a x b (resp. a < b) if there exists a universal constant C so that 1/C < 
\a/b\ < C (resp. |o| < C\b\). We denote by a: Cl® the shift map 
a(t ,tt,...) = (fi,t 2 ,...)- When V C T x fif , define V* = V n (T x {t}). 
Finally, given a set I we will denote by I{x) the component of I that contains 
x. 

3. Estimates associated to escaping times 
Throughout this section, we fix a constant k € (a, 1) such that 
(3.1) K(l + a)>l 

so that e~ Ka » e - Q /( 1+a ) for e > small. 

3.1. One passage away from a parabolic point fixed point. In this sec- 
tion we analyse the distortion and expansion while an orbit escapes a compo- 
nent of / (where / is the neighbourhood of the set of fixed points in Pq defined 
in Subsection I2.2p . 

Proposition 3.1. There exist constants A* > and > 1 such that the 
following hold for any i£j and t € , provided that e > is small enough. 

(1) Ifd{f{x),x) > A*e, then 

E(x, t) < and A< B < s '*»(z, t) > K^dfa P ) _1 - 

(2) // E(x, t) < e- Ka , then m K , {x, t) = E(x, i). 

Let 7 par denote the union of all components U of /\Po f° r which inf y( z u Df(y) = 
1 and let I rop denote the union of all other components of I\Po- Moreover, let 

I s = {xel:d(f(x),x)<5}. 

So Is D P . 

Lemma 3.2. There exists A > and C > such that the following holds for 
any t £ {l^, provided that e > is small enough. If x £ IP ar \ / Ae; then 

(1) C^dix, P )- a < E(x, t) < Cd(x, P )- a , 
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(2) D/f (a ' t) (a;) > C- X d(x, F )" k(1+q) ; 
and if x € I rep \ I At, then 

(1') Clogd^Po) -1 <#(M) < C-ilogdO.Po)- 1 , 
(2') D/f^^^C^.Po)- 1 . 

Proof. We shall only deal with the case x E I par as the other case is simpler. 
Let po G Po be such that x G I(po)- For simplicity of notation, we shall assume 
Po = and a; > 0. Let A :— \im y ^ + (D f (y) — l)/y a . Fix a small constant 
T] > such that n < (A-ri)/(A + 2r]). Then there exist b > small and A > 
large such that when < x < 2b, f(x) — x > Ae and \t\ < e, we have 

x + 2e < x + A Q x 1+a < ft(x) < x + A lX 1+a , 

where A = j=£ and A x = ^±2. For x G (-6,6) and t G fl®, let m (x,t) be 
the minimal positive integer such that /™° (a;) > b. Note that E{x, t) — mo(x, t) 
is a non-negative integer which is bounded from above (when b is fixed). So 
we may assume x < b and show that the assertions are true when E(x,t) is 
replaced by mo(ir,t). 

To this end, let us fix (a;,t) and write mo = m (a;,t), Xi = fl{x). Then 

x t + A x\ +a < x l+1 <x t + A lX \ +a , 

hence 

11 111 

< < 



x? (1 + A lX <*)<* ~ xf +1 - xf (1 + A x?)« 

Reducing b > if necessary, this implies that 

/ . „ n ct 1 1 , . „ , a 

( A - ^)^— <-z-- S -<{A + 2rj)-. 



1 + a xf xf +1 1 + a 

Summing over i = 0, 1, . . . , mo — 1, we obtain 

{A - 2 v )-^—m Q < — - — < (A + 2r])-^—m . 
1 + a x a x^g 1 + a 

Thus 

1 + a <xa< 1 + a 



{A + 2rj)am Q + (1 + a)b- a ~ ~ (A- 2r])am ' 
which implies (1). Similarly, for j = 0, . . . , m — 1, 

1+a < 1+a 



(A + 2n)a(mo - j) + (1 + a)b~ a ~ 3 ~ (A - 2n)a(m - j) ' 
Thus 

niQ — 1 mo — 1 

iA/r°(*)i= n \Df tj (^)\> n 



j=0 j=0 

\ ™o £ \x\ 

This proves the statement (2). □ 



> m[; (1+Q)/Q > Lt|- k ( 1+ «) 



Proof of Provosition \3. 1\ The statement (1) follows directly from Lemma 13.21 
by choosing suitably large. To prove the statement (2), we shall only 
consider the case x G I par , as the other case is simpler. We need the following 
two Claims. 
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Claim 1. For each z £ I and u G fi^ and z' G U^ E '(z, u), we have 

(3.2) u) + 1 > E(z', u) > u) - 1 

for e > small. To prove the claim, write E := E(z,u) and £" := E^z'jt). 
Without loss of generality, assume E' < E. Note that d(f E '(z'),f E '(z)) < 
d(f E (z'), f E (z)) < T *- Since f E (z 1 ) <^ I, the choice of guarantees that 
E — E' = E(f E ' (z'),a E ' u) = 1, provided that e > is small enough. This 
proves Claim 1. 

Claim 2. There exists a constant c > such that for each z G I par , u G fig , 
we have 

Df? (z ' u \z) > cmm(E{z,u)^ 1+a ^ a ,e- K ). 

provided that e > is small enough. 

Indeed, by Lemma \3l2\ there exists r\ > such that the estimate holds when 
E(z,u) < ri£~ a /( 1+a \ When E(z,u) > ne^ a ^ 1+a \ there exists a minimal k 
such that E(f*(u), a k u) = E(z,u) -k< ■qe' a / ( - 1+a \ so that 

Df^\y) > Df^- k {f k a {z)) > (E(z,u) - k)< 1+a ^ a X e^. 

Thus the claim holds. 

Now let us fix i € 7 par and t G f2* with E := E(x,t) < e" Ka . Then for 
each < i < E we have 

E(fl(x),a i t) =E-i, 
For each y G U := U^(x,t), p t (y) € U (E -' l Xfl(x),a l (t)), and so by Claim 1, 

E - i- 1 < E(fi(y), ah) <E-i + 1. 
Applying Claim 2 to (z,u) = (fl(y),a l (y)), we obtain that 

^/^r l) (/t(y)) x ^f t (z ' u)) (/t(2/)) > c"min((E - i)"V+°<)/«, e~ K ). 
Thus, because E < e~ Ka , 

E-l 

■¥ (E) {x,t) < ^max((£;-i) _K(1+a) ,e K ") ~ 1- 

□ 

3.2. Tail estimate for escaping time. 
Proposition 3.3. There exists a constant C > sitc/i i/iai 
P e ({E(x, t) > m}) < max (c*m" 1/Q ,8e) . 

Proo/. Fix p Q G P Q . Let X m = {{x,t) G 7(p ) x ^ : £(a;,t) > m}. For 
simplicity of notation, assume po = 0. Let g : 1(0) —> / _1 (I(0)) n 1(0) denote 
the inverse branch of /. By our assumption on /, there exists Aq > such that 

Dg(x) < 1 - A a \x\ a for all x G 1(0). 

For each interval J C 1(0), let J = J \ [-2e, 2e]. 

Claim. There exists a constant Ai > such that for each interval J C 1(0), 
we have 

(3.3) f | 5 (J + i)|d0 e (i) < | J| - Ai| J| 1+Q . 
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Indeed, for each y £ J and each t £ [— e, e], we have \y + 1\ > \y\/2, hence 



Thus 



\g(J + t)\d6 £ (t) = / / g'(y + t)d6 £ (t)dy 

Jy£J J—e 



g'{y + t)de e {t)dy+ \ \ g' \y + t)d8 £ {t)dy 

J\JJ-e J J J-e 

<\J\A+ J J* (l-A \y + t\ a )d6 e (t)dy 

<\ J \-^ I Jy\ ad y 

< IJI-AxIJ)^, 

where A\ = A Q 2~ a / (1 + a). The claim is proved. 
It follows that 

P E (X ro+1 ) = f f \g(X s m +t)\d8 £ (t)d8^(s) 
J sen* J- e 

< [ (ra-AAiMd^s) 

= ¥ £ (x m )-A 1 f \x: n \ 1+a de^(s) 

l+a 



<¥ e (X m )-A 1 f \X s m \d9^s 



en? 

= V £ (X m )-A 1 P £ (X m ) 1+a , 

where X m = X\([-2s, 2s] x ft*). So if F e (X m ) > 8e then V £ (X m ) > P £ (X m )/2. 
Therefore 

(3.4) P s (X m+1 ) < max (8e,¥ £ (X m ) - AV £ (X m ) 1+a ) , 

where A = A 1 /2 1+a . 

Finally, choose a large constant C > 1 such that 

Crn- 1/Q - A{Cm- 1/a ) 1+a < C(m + iy 1/a 

holds for all m > 1. The desired upper bounds of P e (X m ) follows from (|3.4j) 
by an easy induction on m. □ 

Combining Propositions 13.11 and I3.3[ we obtain 

Corollary 3.4. There exists C > such that the following holds provided that 
e > is small enough. For each m < e~ Ka we have 

Pr (m K , >m)< Cm- 1/a . 

Proof. For m < e~ Ka , Proposition 13.11 asserts that mjc m (x,t) > m implies that 
E(x,t) > in. Since to" 1 /™ > e K >> e, the inequality follows from Proposi- 
tion E31 □ 
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4. Distortion estimates associated to essential return times 

We continue to fix a constant k G (0, 1) such that (|3.1[) holds. We also fix 
an arbitrary constant 7 > 1 — n. 

4.1. The first essential return time. If the point x lingers a long time near 
a neutral fixed point, then the expansion is no longer related to E(x, t) and 
the term Jzf( m \x,t) controlling distortion also gets large in terms of to: 

Lemma 4.1. There exists a constant K\ > such that the following holds 
provided that e > is small enough. For x G T and t G [— e,e] N , if m is a 
positive integer such that E(x, t) < m < r%(x, t), then 

& {m) {x,t) < K 1 +K 1 me Ka . 

Moreover, if x G I \ /a,e, then Jz? (x, t) < Ki, and if x £ /a.e i/ien 
A(" l )(a;, t) > ^ 1 e-' 5 . 

Proo/. Let E = £7(af, t). Suppose m > £7. Then for each y G U^ m ~ E \ff(x), a E t), 
and < fc < to - £, we have /^ t (y) £ / _1 (-0 n ^ since f^E t (f E (x)) & I and 
d(ft Et (y),f* Et (ft E (x))) < r,. Thus £>/£, t (y) > A* for all < fc < to - E, 
which implies that 

m-E 

^ m - E Hff(x),a E t) < J2 K 3a < - 1), 

i=i 

and 

A (m) (a;,t) > k {m - E \f?{x),o E t) > X™- E . 

Since 

^ m (x,t) < \- im - E)a 3? E (x,t) + ^ m - E \f E (x),a E t), 

it suffices to prove the lemma in the case that x G I and m = E. 

If x ^ /a, e, then by Proposition 13.11 Ji?( E >(x, t) < if*. So the lemma holds 
in this case. Now assume that a; G /a.e- Let fc > 1 be the minimal positive 
integer such that y := / t fe (a:) ^ Ja» e and let s = er fe t. Then E 1 := £(a;,t) = 
E(y,s) + fc and d(f(y),y) x e. By Proposition O «5f (y, s) < if, and 
A := A( £ - fc )(y,s) > e~ K . Thus 

A< B >(a;,t) > A( B - fc )(2/,s) > £ - K . 

Since ££ W (x, t) < k < E, we have 

(x, t) < ^i E ' k ) (y, s ) + A- Q ^( fc ) (x, t) < 1 + £V"\ 

Thus the lemma holds. □ 

4.2. Distortion control outside a BAD set in Q^. Let 

^(n) = {ten?:£ 1 |t*|<^l. 

I fe=0 J 

Clearly, for any t ^ fi^ (n) one has 

#{i;0 < fc < n and |f fc | > e/8} > n/8. 
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Let ip(s) = log(l/e) and 

BAD e (A) = {t : 30 < i < N£~ a (p(s) and 3n > Ne~ a 
so that a l (t) € fi*(n)} . 

Lemma 4.2. There exists p > such that for each N = 1, 2, . . 

6^ (BAD e (A)) < e- pNe ~\ 

Proof. When the random variable t is uniformly distributed over [— e, e] then 
the expected value / tg r_ e j |i| d8 e (t) of |t| is equal to e/2. Hence, by the Large 

Deviation Principle, there exists pi > such that 6q* (fi^n)) < e~ Pl ™ for each 
rt > 1. Since 9^ is invariant under the shift map a we have 

6^(BAD e (A)) = Yl X! e~ pin <CNe~ a ip{e)e- piNe ~ a . 

0<i<Ne- a <p(e) n>JV£-" 



□ 



For each integer to, let 

r me° 



(4.1 y 

where [t] stands for the largest integer < t and so t < [t] + 1 < t + 1 . Note that 
m(x, t) < [me° ! /</3(e)] + 1 << to when e > is small. 

Lemma 4.3. There exists a constant £ > suc/i i/iai ift £ \ BAD £ (iV) /or 
some positive integer N , then for any x € T, any < i < Ne~ a ip{e) and any 
n > Ne~ a , we have 

Df: Ht) {fl{x))>eMdne a ). 

Proof. The assumption t £ BAD e (A) implies cr l (t) (f. fi*(n). So #{0 < j < 
n 't\h+j\ > £ /8} > n/8. For each j in this set, either d(xj,Po) > e/20 and 
d(xj + i,Po) > e/20 and so the derivative of D/t in xj or in x^+i is > l + C\E a > 
exp(C2£ Q ). This happens at least n/16 times and for the other times the 
derivative of Dft is > 1. Thus Df'^ i , t Jfl(x)) > exp(£ne a ) holds for some 
suitably chosen constant £ > 0. □ 

Proposition 4.4. There exists a constant Ki > 1 such that for any i£l and 
t € 0^ , j/ m = t) for some k > 1 and t BAD 6 (to), £/ien 

^ m \x,t) < K 2 me- {1 - K)a . 

Proof. Let rg = and for each i = l,2,...,fc, write ri = rj(a;,t), Jz?i = 
^ ri ~ ri -^(fl i -' L {x),CT ri -n), and A 4 = A( r *-'" 4 - 1 )(/ t ri - 1 (a;),o- ri - 1 t). Then A; > 
A* > 1 for all 1 < i < k. 

Case 1. Assume Aj < K^ 1 e^ K for all 1 < i < k. Then by Lemma [4.11 
Jgfi < Ki holds for all i = 1, 2, . . . , k. Thus 

fe-i fc 
^ m \x,t)<J? k + J2^( II A,-) -0 <C^A; (i - 1)Q < tf!A?/(A? - 1) 

i=l i<j<k i — 1 

is bounded from above. Note that we do not need t ^ BAD (to) in this case. 

Case 2. There exists i € {l,2,...,fc} such that Ai > AT 1 _1 e _K . Let j 
be maximal with this property. Let toq be the maximal integer such that 
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n-i < m < n and A(''*- m °)(/ t mo (x),cr mo t) > K^e^. Then as in Case 1, 
if (m-m„-i)^mo+i( a ,) ) <j mo+1 t) and therefore _^( m - m °)(/ t roo (x), cr m °t) is bounded 
from above by a constant. 

Now let us use Lemma [4.31 to estimate Jz? ( m °'(x, t). Indeed, that lemma 
gives that D n := A( m °- n )(/ t "(x), o- n t) > exp(£ne a ) when n > me~ a . When 
n < rhe~ a we nevertheless have D n > 1. Thus 

mo — 1 oo 

J^ m °)(x,t) < ]T < me' 01 + e- Q «" £ ° < me"". 

n— n— 1 

Therefore, 

Jf( m '(x,t) < ^?( m - m °)(/ t m °(a;),CT mo t) + i*Te KQ J^ (mo) (x,i) < ™e~ (1 ~ K)Q . 

□ 

4.3. Repeated passages away from neutral points. For x £ T and t € , 

let as before 

F (x,t) = x and ri(x,t) = inf{s > E(x,t) : / t s (x) £ I}, 
and for each k > 2, define inductively 

F fe _ 1 ( 2 ;,t) = /; fc - l(a; ' t) (x), and 

r fe (x,t) = inf{s > r k -i(x,t) + E(F k -i(x,t)) : / t s (x) £ I}. 

The number r k (x,t) is called the k-th essential return time of (x,t). 
For each t £ let 

Xl(N) = {x £ T : rTOM) = N} 
where 7*1 (x,t) is defined as in (|4.1[) . 

Lemma 4.5. For eac/i L > 0, t/iere exists Nq = Nq(L) such that for each 
N > N and t <£ BAD e (AT), we have 

(4.2) Leb(x\(N)) <e L e- pN . 

Proof. For each m > 1, let = {x £ I ; E(x.t) = to}. For each n > 1 and 
s € , let = {x ^ / : ri(x, s) = n}. Since / is uniformly expanding outside 
I, there exists p 1 > such that Leb(V^) < e^ 1 " holds for all s £ Q 1 ^ and 
n > 1. Let X*^ = Z*, : F m (x,t) e V^™*}. Since / t TO |i£, is injective with 
derivative not less than one, we have 

(4.3) Leb(A^„) < Leb(C" H ) < 

Next assume t g BAD £ (iV). By Lemma Ol when m > Ns~ a , |£>/ t m (x)| > 
exp(£me a ) holds for every x € T, thus 

(4.4) Leb(4) < exp(-^m). 
Since 

xKn) = |J 

{N-l)e- c 'ip{e)<m+n<Ne-"^(e) 

the lemma follows. Indeed, we can decompose this union into terms where n > 
to and those where n < to. For the first terms, we have n > (N — l)e~ a (p(e)/2, 
so by ()4.3p they give a contribution of at most Ns~ a ip(e) exp(— pi(N— l)e~ a <p(s)/2), 
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while for the 2nd terms, m > (N — l)e~ a <p(e)/2 > Ne~ a , so they give a con- 
tribution of at most exp(— CvNcp^)) by (|4.4|) . Both these terms are bounded 
from above by e L exp(— pN) when e > is small and N is large. □ 

Lemma 4.6. For any x G T and N > Nq, we have 

6® ({t £ 0® : ri {x, t) > Ne- a <p{e)}) < ee~^ N . 

Proof. Letfl®(x,N) = {t G fi* : ri(af,t) > Ne- a <p(e)}. Because of LemmalU 
it suffices to prove that fi^ (x, N) \ cr _1 BAD e (7V) has exponentially small mea- 
sure in 9f. For each s G ^ \ BAD e (AT), consider the section 

Slg(x, s, N) := {t G [-£, e] : ts G n*(x, JV)} . 

For each i G fi^ (x, s, N) we have /t(x) G Xf(N), Therefore and by Lemma |4~5| 
we obtain 6*(Sl*(x, s, N)) < (2/e)Leb(Xf(N)) < 2ee- pN , provided that N > 
Nq(2). By Fubini's theorem, the lemma follows. □ 

4.4. Special return times. 

Definition 4.7. Given (x,t) G I x f2^, the special return time R(x,t) is the 
minimal essential return time r of (x, t) for which 

t g Bad e (r). 

We write 

Jio(x,t) = i?(x,t) , Go(x,t) = x 
and for fc > 1 we define inductively 

G fc (x,t) = / t flfc - l(Xlt) (x) and i? fe (x,t) = i?(G fe (x, t), t). 

Lemma 4.8. There exist constants > 0, G > and p > swc/i £/ia£ for 
each x G T, we have 



(4.5) B* N i; V i?,(x, t) > iJ,«r>( £ ) } < Ge-"", 




provided that e > is small enough. 

Proof. We first prove that there exist p > and no > such that for each 
n> no, and any x £ T, we have 

(4.6) 6® ({t G A? : i?(x, t) > n£->(£)}) < 2e-"". 

Let i?'(x,t) = if iZ(x, t) = ri(x,t), and let R'(x,t) be the previous essential 
return time of (x,t) into / otherwise. For each m = 0, 1, . . ., let 

E(m) = {t : R'(x,t) = m}, E*{m) = {t G £(m) : ri(/ t m (x), cr m t) > ne- a <p(e)/2}. 

and let 

Si= (J E(m),E 2 = |J £*(m). 

m>ne -a /2 m<ne~ Q cp(e) /2 

Then 

{t : R(x,t) > ne' a ip(e)} C^U £ 2 - 
If t G E(m), m > 1 then t G BAD £ (to), since i?'(x, t) = m is not an essential 
return time. Hence, by Lemma T4.2( 

0*(E(m)) < e~ pfh£ ~ a . 
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Therefore 

(4.7) 6% (Ei) < Yl e- p ™ e ~ a < e~ a ip{e) E e~ pNe ^ < e" pn /2 

■m>ns-<*ip(s)/2 N>n/2 

where the e~ a ip(e) factor appears because for given N, the number of positive 
integers m with m = N is bounded by this number. To estimate the size of Ei 

we recall that by Lemma l4~6l for any y <E T, 9^({s : n(y,a) > §}) < ee~ 2pn , 
provided that n is large enough. So by Fubini's theorem, 

6®(E*(m)) < ee- 2pn 

holds for all m. Thus 

0^(E 2 ) < ne- a ip(e)ee~ 2pn < e - pn /2. 

The inequality (|4. 6[) follows. 

Now let us complete the proof of the proposition by an easy large deviation 
argument. To this end, for positive integers mo, mi, . . . ,m„_i, let us consider 

E(rno, mi, . . . , m„_i) = {t : Ri(x, t) = rrij, < i < n}. 

Since the conditions Ro(x,t) = mo,i?i(ir,t) = mi, . . . , R n -2(x, t) = m„_2 
depends only on the first mo + • ■ ■ + ntn-2 coordinates of t, and f|4. 6[) holds for 
all x, it follows that 

9f(E(m , mi, ... , m n _i)) < e-^-f^tno, . . . , m„_ 2 )), 

provided that m n _i > no. Without the last condition on m n _i we have 

6*(E(mo, mi, . . . , m n _i)) < e-^-^fEfmo, . . . , m„_ 2 )), 

where if = e pn ° . By an easy induction, it follows that 

9®(E(m ,mi,...,m n -i)) < e - p{ - mo+mx +" +mn -^K n . 

Therefore the left hand side of (|4.5I) is bounded from above by 

e -Kmo+mi+-+m„_i)jn _ ( M ~ 1 ) e"^". 

M>fl,nmo+raH hro„_i=Af AI>R„n^ U ' 

Provided that we choose i?* large enough, this is exponentially small in n. Thus 
3|) follows by redefining p. □ 



Proposition 4.9. Fix 7 > 1 — n. There exist C > and p > suc/i 
P £ ({m e -, a (x, t) > nff-«V(e)}) < Ce~ pn . 

To prove this proposition, we shall use the following elementary observation 
due to Pliss: 

Lemma 4.10. If ag + • • • + a n < (n + 1)C i/ien i/iere exists k < n so that 

a k < C, a k -i + a k < 2C, a fe _ 2 + ajfc-i + a fc < 3C, . . . , a H h a fe < (fc + 1)C. 

Note that if the conclusion of the lemma holds then for any p £ (0, 1) and 
di > 0, then 

/ 9 fc a +/9 fc_1 ai + --- + a fe < p k (a + ■ ■ ■ + a k ) + j0 fe_1 (ai + • • • + a k ) + • • • + a k < 
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Proof of Proposition ^. 9\ Let n{x, t) be the minimal positive integer such that 

n{x,t)-l 

R(x,t) := R i(^,t) < i?*n(a;,t)e- Q v'(e). 

By Lemma 14751 it suffices to show that m e --, a (x, t) < R(x,t). 
Using Lemma T4. 101 there exists k < n(x,t) with 

R k -i(x,t) < R*e- a <p(e),R k - 2 {x,t) + R k -i{x,t) < 2ii t £- < V( e ), 

...,R {x,t) + --- + R k _x(x,t) < {k+l)R.«e- a ip{e). 

Let us show that these inequalities imply that m e -i{x,t) < Ro(x,t) + ••• + 
Rk(x,t). Indeed these inequalities imply, using the notation introduced in 
equation (|4.ip . 

R~k < [R*] + i, R k + Rk^i < 2([i?*] + 1), . . . , R k + ■ ■ ■ + Ro < (fe + l)([R*} + 1). 

Let Si = Ro H h Ri-i- Then by Proposition ELU 

^ {R ^ ] {f%\ t {x)^ s ^t) < K 2 R^ l£ -^-^ a . 

Since 

K(s*-Si)(fS*- s >{ x ),a s >t)>\ k -\ 

we have 

& s *\x, t) < K 2 {R k _t + K a R k - 2 + ■■■ + X* {k ~ 1)a Ro)s-^ a < e^ a , 
provided that e > is small enough. □ 

5. Inducing to large scale 

Fix 7 > and k 6 (a, 1) such that 27(1 + a) < a, 7>1 — k and such that 
(|3.1[) holds. Let fh(x,t) denote the minimal positive integer fh for which the 
following hold: 

• fh > E(x, t); 

. d(f™(x),P ) <e 27 ; 

• if J is the component of f^ m (B e -/(Po)) which contains x, then 

T^V 1 

Slip > - : ; 

vBjfy \Dfr\f((y±)) 

If fh does not exist then we set fh(x, t) = 00. 

Lemma 5.1. There exists K$ > such that the following holds provided that 
e > is small enough. For any x G I and t € f2^ , we have 

min(m^ tl (a;, t), rh(x, t)) < m e --,a (x, + e _a . 

Proof. Write m = to £ - 7 o (x, t), y = f™(x) and s = <7 m t. If y G Ia»e then 
d(y,Po) < e 27 and therefore fh < m and the lemma holds. Assume now that 
2/ ^ Ia,s- Let r = 0, n = n(y,s), i = 1,2, .... Let 

fc = inf{fc > 1 : either / s rfc (y) G 2a„ £ or A^fo/.s) > £~ 7 }. 

By Proposition 13. 1[ for each 1 < k < fco, we have r k — < e _Q /( 1 + a ) and 

% k := ^^-'""-^(/s 1 ""- 1 ^),^-^) < 
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and by Lemma \2A\ 

A k ~ A ( - rh ~ rk - 1 \fs k ~ 1 (y),a rk - 1 s) > A* > 1. 

Since A^o- 1 )^, t) < e~ 7 we have A^ 0_1 < £~ 7 , hence fco < log(l/e) so rk < 
£ -a/(i+a) log(l/ e ) < e - Q . If A( r "o)(y,s) >e~ 7 , then 

jgf("»-H*o)( X) t) < [A^o)(y ;S )]- Q ^( m )(x,t)+^A; Q( ^ 1) ^: < 1+#*A?/(A«-1), 

i=l 

so for ifj large enough, m^(i£,t) < m + ?"fe and we are done. Otherwise, by 
the definition of ko, we have /s fc ° (y) G /a„£ and 

fco 

jSf(»»+f»a)( Xj t) < A^ feoQ if (m) (a;,t) +J2 ^ K a e^ a + CK/(K - 1) < e" 7a , 

i=l 

which implies that rh(x, t) < m + rk , and so we are done again. □ 

Now let fix K* > K „ + 1 as above, and define 

M(x, t) = min (ro^ (x, t), m(a;, t)) . 

Combining the last lemma with Proposition 14.91 immediately gives us the fol- 
lowing corollary. 

Corollary 5.2. There exist C > and p > such that 

F e {M(x, t) > ne~ a (p(e)} < Ce~ pn , 

provided that e > is small enough. 

5.1. Proof of Theorem [HB Let 

Ex = {(x,t) G I X fi^ : M(>,t) < m Kt (x,t)}. 

Note that 2?i C Ia,e x and that when (x,t) e Ex then M(x,t) = m(x,t). 
For each (x,t) G £i , let VF* denote the component of / t M ( x,t > (£? £2t (Po)) which 
contains x. 

Lemma 5.3. If {x,t),(x',t) € E u then either W* = W%, or W* n W*, = 0. 

Proof. Write M = M K (x,t), M' = M K (x',t), VF = W*, W = W*,. Arguing 
by contradiction, assume that W C\W ^ $ and W ^W. Then M 7^ M'. As- 
sume without loss of generality that M' > M. Then / t M (V) ^ £? £ 2 T (P ). Since 

|/t M (W)l < |/t M '(W)l = 2e 27 > and /t M W C S e 2,(P ) we have f t M {x') G 
/ t M (W) c B 3s 2 7 (P ). Now let £ = E(f™(x'),a M t). Since M'(a,t) = m(x,t) 
one has M' > M + E. By Proposition EU ^ {E \f^ {x),a M t) < and 
A( E \fM(x),a M t) >e~ 27 . Thus 

^ M+£ (x,t) < JJf^(/ t M (a;), CT M t) + Ce 27Q j4^. r >,t) < ^* + 1 < K t . 
Thus m^, (a;', t) < M + E < M' < rriK t (x, t), a contradiction! □ 

Let W = U(x t)efii ^* x The l emma above implies that there is a well- 
defined function H : W -> T X such that for any (x,t) G £1, H(x',t) = 
F M( - X ^(x,t) holds for all x' G W*. For each n > 2, define 

= {(a:,t) G Si : H l (x,t) G id for all i = 0, 1, . . . , n - 1}. 
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Moreover, let M n (x,t) = M(H n - l (x,t)) for (x,t) <E E n . So Mi(x,t) = 
M(x,t). 

Lemma 5.4. There exist C > and p > suc/i £/ia£ 

(1) F e (E n ) < Ce~f> n . 

(2) For each n,m>\, 

P e ({(z, t)eE n : M n {x, t) > me~ a ip(e)}) < Ce-P m . 

Proof. For each (x,t) £ W„ := H~ n (W), let s n (x,t) be such that H n (x,t) = 
j?s„(x,t) ^ ^ ^ jt ^ denote component of W* which contains x. Note 
that there exists A > 1 such that W C B\-i e 2-, (Pq). So s n (-,t) is constant in 
each of these intervals J^(x), / t s " <x ' t ' ) ( J* (x)) is a component of B e 2 1 {P Q ), and 
moreover, J^Ilo 1 \ft(^n( x ))\ a i s bounded from above by a constant. Thus 
by part (3) of Lemma l6.7( there exists a constant C > such that for each set 
A C S^-i e 2T.(Po), each J = J* (a;) and s = s n (x,t), we have 

(51) \JnfT<S\ < c\a\ 



\J\ ~ C\A\+£-<~ 

Taking A = Wf s * we obtain that \J n W* +1 |/|J| is bounded away from 
one. Thus |VW* +1 |/|VW*| is bounded away from one. So P e (W„+i)/P e (W„) is 
bounded away from one. Therefore P £ (E n ) < P e (W n ) is exponentially small. 
This proves the first statement. 

For the second statement, fix m,n, let X = {(x,t) £ E n : M n (x,t) > 
me~ a (p(e)} and Y — {(y, s) : M(y,s) > me~ a (p(e)}. For each s > 1, let 
V(s) = {(x,t) G W„ : s„(x,t) = s}. Taking A = Y^** in (d3J gives 

< Circle" 7 , for each J= J*(x),s = s n (x,t). 

Thus 

OO 

KJrnvwri^Ce-^I^IIW*))*!. 

s=l 

Since the set (V(s)) t depends only on the coordinates io,ii, ■ ■ ■ ,* s -i 01 t, by 
Fubini's theorem, we obtain 

oo 

p £ (i) = ^p E (inv( s )) 

s=l 

oo 

<c^ 27 E / I^IIM*))*!^) 

oo „ „ 

<c^ 27 E/ I^VCW / l(V(«))*|dfl?(t) 

oo - 

<C^ 27 E / I^W(t)P E (V( S )) 

-Ce- 27 P £ (W„)P £ (^) 
< Ce- 27 P £ (B e2 ,(P ))P e (r) <P e (F). 
By Corollary the second statement of this lemma follows. □ 
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Proposition 5.5. There exist constants K@, C > and p > such that 



Proof. Note that if (x,t) £ E k \ E k+1 , then (x, t), . . . , H k - 1 (x, t) e £1 and 

H k (x,t) g E x and it follows that M 1 (x,t) + M 2 (x,t) H \- M k (x,t) is a 

cxpansion time of (ir,t), where K@ is a constant. So if mK e {x,t) > ns~ a ip(e), 
then either Mi(x,t) > ns~ a ip(e), or (x,t) £ £^ for some /c > -^/n, or there 
exists 1 < k < y/n such that M k {x,i) > y/ne~ a <p(s). Using Corollary 15.21 for 
the first case and Lemma for the remaining two cases, we obtain the desired 
estimate. □ 



Proof of Theorem \2. 1\ Fix a £ (l,a). Take f3 = V act and choose k G (0,1) 

such that K 2 a > a. Let JiTo = max(K t , K@) and write A m = P e ({(ir,t) £ 
/ x n^;m Ko {x,t) > m}). If m < e' Ka , then by Corollary EHl we have A m < 
m -i/a_ jj- E -m < m < e -/3 ; then A m < e K < mT K IP < mT x l a (where the first 
inequality follows from Proposition 13. II and from m > e~ KQ ). If to > e~" then 
let n be the maximal integer so that to > ne~ a ip(e). Sonx m£ a / ip(e) . Since 
to > e - * 3 and by Proposition 15.51 we therefore have A m < e _Pv/ ™ < to _1 / q , 
provided that e > is small enough. □ 



6.1. Nice sets. An interval V is a nice set for the deterministic system / :¥—>• 
T if f n (x) ^ U for each a; € c*U and all n > 0. This notion has played a crucial 
role in the setting of one-dimensional dynamical systems, because it implies 
that if x € V and n > is minimal so that f n (x) € V", then the component 
°f / -7l (V) containing a; is contained in V. This means that each component 
of the domain of the first return map IZy to V is contained in V and that its 
boundary points are mapped into boundary points of V. 

In the deterministic case it is often helpful to construct nice sets around 
special points, such as critical points or parabolic periodic points. In our case 
we will construct nice sets around the fixed point pq. Rivera-Letelier [R] realised 
that it very advantageous to have the property which in our setting states that 
there exists K > 1 so that for each S > small there exists a nice interval V 
with B$(po) C V C P>ks(po)- This property was also crucially used in [BRSSJ. 
In the case of random dynamical systems, nice sets and the analogous property 
were also used and established in [S]. It implies that one has one can induce 
to a Markov setting while having extension 'space'. In our setting nice sets are 
defined as follows: 

Definition 6.1. A nice set for e -perturbations is a measurable subset V of 
T x il® with the following properties: 

(1) for each each t e fig , V* is an open set containing Pq such that each 
component of V* intersects Pq exactly at one point; 

(2) for each t £ , each x G dY t and each n > 1, we have 



Lemma 6.2. There exists So > such that for each S £ (0,<5o), there exists a 
nice set V for e -perturbations such that for each t £ and each £ Pq, we 



P £ ({(x, t) £ I x Q%;m Ko (x, t) > ne- a p(e)}) < Ce~ p ^. 




6. Strong stochastic stability 



/t"(*) * V' 
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have 

B s { Po ) C V*(po) C B 2S ( Po ), 
provided that e > is small enough. 

Proof. The proof is similar to the one given in [3J Proposition 5.8]. It suffices to 
show for small 8 > 0, the following holds provided that e > is small enough: 
if 8 < d(x,P ) < 28, t G fi* and / t m (x) G B 25 {P ), then the component W 
of f^ m (B 2 s(P )) which contains x satisfies either W C B 2 s{Po) or (V fl f = 
0. Indeed, otherwise, there would exist y <E W such that d(f™(y), Pq) < 
d(y,Po) < 2(5, so m > E(y,t) =: E. However, by Proposition O A( m )(y,t) > 
tS E) {y,t) > {2KJ)- 1 > 4 (provided that 8 > is small enough). This would 
imply that |D/ t m (z+)| > 4 for all z eW, hence \W\ < 8, a contradiction. □ 

6.2. Inducing to the nice set. The following theorem allows us to consider 
an induce transformation to the nice set V. 

Theorem 6.1. Fix a G (1, a). For eac/i (5 > small there exist constants 
K , C and Eq > so that for each e G (0, Sq) there exists a nice set V for 
s -perturbations so that 

(1) B s (p ) x £1® C V C B 2S {po) x il^ for each x G V; 

(2) /or ¥ £ -almost each (x, t) € V there exists a positive integer m — mv < 
oo such that 

f t n (x) G V jm \ ^ {m) (x, t) < K, and A (m) (x, t) > A*; 

(3) P s ({(^,t) G V;m v (ac,t) > m}) < Com- 1 /". 

Proof. Let i^o and Co be given by Theorem l2 . 1 l and let o"q be given by Lemma [BT2l 
Fix a constant 8 such that < 8 6 mm(o"o, t*/4) and assume e > is small. So 
there exists a nice set V for £-perturbations such that Bs(Pq) C V* C Bs(Pq) 
holds for all t G tt 1 ?. For each (x,t), let s(x,t) = inf{s G N : F s (x,t) G V}. 
Since / is uniformly expanding outside Bs(Pq) there exist Ci > and p > 
such that 

F e ({s(^t)>s})<Cie" 2ps - 
Note that s(x,t) is an essential return time of (x,t) into / and all previous 
essential returns lie outside Ia.c, so by Lemma I4TT1 and Lemma |2~T1 we obtain 
that ^f s ^ !t )(x,t) is bounded from above by a constant. Define 

m v {x,t) = m Ko (x,t) + S(x,t), where S(x,t) = siF" 1 ^^^^)). 

Then by Lemma [2.11 again, we obtain that ££ ( m v(*,t)) t) is bounded from 
above by a constant. Thus the second item of the theorem holds for some K . 

It remains to prove the third item. Let d be the mapping degree of / : T — > T. 
So /" : T — » T is a d"-to-l covering map. Write 

X m = {(x,t) e V : mv(x,t) > m,m K() (x,t) > p(log d)~ 1 S(x, t))}, 

and 

Y m = {(x,t) G V : m v (a;,t) > m,m Kg (x,t) < p(log d) _1 5(a;, t))}. 

For (x,t) G X m , mj<r (a;,t) > m, hence by Theorem 12.11 we obtain F e (X m ) — 
0(m _1 / Q ). Given positive integers k, s with k < p(logc?) _1 s, we have 

P £ ({(x,t) ey m :m Ko ^ ; 5= fl » < d fe C ie - 2ps < C ie - ps . 
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For (x,t) £ Y m , S(x,t) > pim, where pi > is a constant, so 




□ 



To prove the first part of the Main Theorem we first state the following 

Definition 6.3. A Borel set E C T is called almost forward invariant for 
e-perturbations if ft(E) \ E has zero Lebesgue measure for a.e. t £ Qg. A 
stationary measure is called ergodic if for each Borel set E which is almost 
completely invariant, one has p e {E) = or p e {E) = 1. 

Proposition 6.4. For each e > 0, the random dynamical system has a unique 
stationary absolutely continuous invariant measure. This stationary is ergodic. 

Proof. The proof of these statements is fairly standard, and can be found for 
example in Lemmas 3.2 and 3.4 in [S]. □ 

6.3. Perron- Frobenius operator. As usual, we will use the Perron-Frobenius 
operator. Given IcT, and ft we define 



We should remark that £,/,„. t is the density function of the absolutely contin- 
uous measure (/")*(Leb| J) and has support /"(J). In other words, Cj. n ,t is 
equal to (VJ-) n (l) where VT is the Perron-Frobenius operator. We also note 
that Cj tn x is the density of the push forward of the relative measure on J, so 
the integral over T 1 of this density is equal to 1. 

6.4. Compact subsets of L 1 . Let L 1 (T) be the Banach space of L 1 functions 
w.r.t. the Haar measure Leb on T and let \\<fi\\i denote the L 1 norm of <f>. In 
this subsection we will establish a suitable compact subset of L 1 . 

The following lemma is well-known. See for example [DS, Theorem IV. 8. 20]. 

Lemma 6.5 (Precompact sets in L 1 ). A bounded set K of functions in L 1 is 
pre-compact if and only if\\ip(x-\-h) — iJj(x)\\ L i tends to zero ash — > uniformly 
for all ip £ /C. 



which is a finite subset of (l,oo). Given a constant C > and an interval 
W = (a, b) C T, let £c(W) denote the space of maps <p : T — > (0, oo) for which 
there exists finitely many points 




ft(y)-x,y£j 





Let as before P* = {p £ P : Df(jp~) > Df(p+)} and let 
¥ = {Df(p-)/Df(p+):p£P«} 



a = qq < a\ < • • ■ < a, 



"n 



= b 



such that 



• ip = in T \ W; 
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• for each < i < n, there exists d > such that 

/ \ x -y\ \ a 

\logip(x) - logip(y)\ < C t , a, < x < y < a i+1 , 

\a i+1 - dij 

and such that 

n-1 
i=0 

• for each 1 < i < n, <p(a.i) — <p{af) — \p(a~) for some A £ F. 

For M > 0, let denote the set of all L 1 functions ip : T — > [0, oo) for which 
there exists an open interval W C T such that tp £ (oc(W) and p(x) < M for 
all x£T. 

Lemma 6.6. (1) // ip £ $k(W) for some open interval W C T, then for 
any x,y £ W with x < y we have 

(p(x) < e K <p(y). 

Moreover, if tp has at least N points of discontinuity in (x,y), then 
<p(x) < e K \- N p(y), 

where A = inf F > 1. 
(2) For each K > and M > 0, is pre-compact in L X (T). 

Proof. (1) Note that if a% < x < y < Oi+i, p(x) = <p{x + ) < e Ki p(y~) < 
e K ip(y). For general x,y £ W with x < y, let io be maximal such that x > a-j 
and let i\ be minimal such that y < , we have 

< ... < e E "-o^Ao Jl+io+ V(a ll ^i) < e K Ao Jl+10+ V(y). 

(2) For any integer TV >, let S^ 1 (N) denote the subset of &j£ consisting of 
functions ip with exactly N points of discontinuity. Using Lemma l6.5l it is easy 
to see that for each N > 0, Sjf{N) is pre-compact in L 1 (T). To complete the 
proof, it suffices to show that for each r\ > 0, there exists N(rj) > such that 
for any ip £ §^ there exists p^ £ ^^(N) such that \\p — <pn\\i < V- But this 
follows easily from the last statement of part (1) of this lemma. □ 

Lemma 6.7. For each K > and p > there exist C — C(K) > and 
M = M(K,p) > such that the following holds. Let J £ J be open intervals, 
m > 1, t £ fl^ such that 

(i) /f : J -> f r t n (J) is mjective; 

(ii) H"=l\mJ)\ a <K; 

(hi) ft l (J)\ft l (J) has a component to the right of /™(J) which has length 
>P\f?(J)\- ' 

Then 

(i) ^, m , t eWW). 



(2) iJl-^j^te^ 

(3) /or any X C J, 



" I/mi' 
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Proof. (1) Let A — {x G J : /j? (x) G P* for some < j < rn}. This is a finite 
set (maybe empty) and label its elements as a\ < a2 < • • • < a n -i- Let clq < a n 
be the endpoints of J and for each < i < n, let a\ = /™(ai). Then for each 

< i < m, / t m maps := (ai,ai+i) diffeomorphically onto J[ :— (a£,a£ +1 ). 
Moreover, there exists a constant Co > such that 

m— 1 

Dist(/ t ro |Ji) < C Ki < C Q K, where K, = £ |#(Ji)P. 

i=o 

Let </> be the inverse of / m : J — > J' and for each x', y' g J,', letting x, y G J,: 
be their images under 0. We have 

rn—l 

| logos') - log <p(y')\ = | logI»/r(x) - logD/r(j/)| < Co £ l#(*) " A J (y) T 

where Ci = Coe 00 ^". Note that C i K i ^ = : ^ Clearly for each 

1 < i < n, (^(a'J = <ys(aj + ) = A</?(a^ _ ) holds for some A G F. (It is possible that 
there exists a point x G Ji so that several of the points x, ft(x), . . . , / t m ~ 1 (x) 
are in Po> in which one can take several of the points ctj to coincide.) Thus 

^g<?c or (</)). 

(2) Let R denote the component of J \ J which lies to the right of J and let 
R' = fl n (R). Let V = l^ -1 ^ t - Then V G S C - By Lemma EH it follows 
that ip(x) < e c tp(y) for all x G / t m (J) and any y G i?'. Since = 1, it 
follows that there exists M = M (p, K) such that tp(x) < M for all x G f™(J). 
Since | J\~ £j tm ,t — V'l/^f./); t ne statement follows. 

(3) By Part (1) of the lemma, and Lemma \6M for each x G X and y G R, 
we have Df£(x) > e- c Df?(y). Thus 

i/rpoi . - d/rwi ^ - c \n n (j)\ 

which implies the desired estimate by taking M — e c / p. □ 

6.5. Proof of the Main Theorem. Now we will combine the previous com- 
pact results, with Theorem 16. II to obtain the proof of the Main Theorem. 

Proof of Main Theorem. Statements (1) and (2) in the Main Theorem follow 
exactly as the first part of the proof of the Main Theorem in Section 3.1 of 
[S|. The proof of Statement (3) of the Main Theorem is slightly different, and 
therefore we give the argument here. 

Let V be a nice set for the e-perturbations given by Theorem 16. 1[ let U = 
{{x,t) G V : mv(i,t) < oo}, and let G : U — > V denote the map (x,t) — > 
F mv W(a:,t). Let Z = (-5,6) and let 

<j> n {x) = j^ z ,n,t{x)d^. 
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Since —^2"=Q(f>i(x)dx converges to the stationary measure fi £ , it suffices to 

show that there exists a compact subset K, of L 1 which does not depend on 
e and n and so that 4> n € K. for all n and all e > small. By considering 
subsequences, it even suffices to find for each rj > a compact set K.^ of L 1 so 
that each function <p n can be written as <j> n = 0„ + 0^ where 1 1 0„ 1 1 1 < tj and 
4>n € /C^. In order to do this, we will choose a suitable M depending on r/. 

For k > 0, let U fe = G" fe (V) and V fc = {(x,t) € V : to v ,k > fc}. For each 
t g fig , let us label the components of U* as </* i and let s\ i be the integer so 
that 

G k (y,t) = F s U(y,t)forye4, i . 

For each fc, i, let 4 denote the component of / t (S T< / 2 (Po)) which contains 
J\ r Note that 

(6.1) V iti&iW <#<<(y,t)< hX: " 



^ uty k.i,\ - v»> / - A? _ j *• 

j=0 * 

Fix n > 1. For each < m < n, let "H*, = { J\ i'-s\ i = m}, and for each 
4,< e ^, let J| ^- denote the components of n / t " TO (V <7 "' t ), let m\ . l 3 
denote the value of mv on the interval /t m (4ij)i an( i l e t <^jti denote the 
collection of all J\ i ■ for which mjj, i ■ > n — m. Moreover, for each M > 0, let 
X^ i (M) denote the sub-collection of X^ i consisting of those J\ 4 -'s for which 
m t,i, 3 ^ M - When m < n- M, Xf: A (M) = X% . but when m > n - M the 
former set may be strictly smaller. Furthermore, let X£ i (resp. X%JM)) 
denote the union of the elements of X£ . (resp. Xt ^(M)). 

By part (3) of Lemma 16.7) (|6.ip implies that there exists Co > such that 
whenever Sk,i = m < n — M, 

i^.i 14.1 " V(Jt)i 

and whenever n — M < s k ,i = m < n, 

(6.3) ^P<C ^L=Cor-|V-|. 

Putting X m '*(Af ) = U s t =m Xlj(M) for each t, since the intervals J* 4 e "H* n 

are pairwise disjoint, it follows that there exists a constant C\ > and a 
compact subset K, of L^T) such that 

(6.4) \X m - t (M)\ < CilV^T*!, where m' = max(n -m,M). 

Choose a large positive integer M such that J^Sm Ps(Vj)+MP e (VAf) < tj/Ci, 
and let 

n-i 



Then 



^« = X] / C X m -HM),n,t^ and = ^« - 

||p°||i< / |X^(M)|^ <ry. 
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It remains to show that tp^ defined above belongs to a compact subset K,(rf) 
of i 1 (T). Note that for a.e. t, the intervals J\ i ^ with m\ i ■ + s\ i > n and 
< s\ j < n, form a partition of V*, up to a set of Lebesgue measure zero. 
Thus, for n — M < m < n, putting to be the union of the intervals J% i j 
with s t ki = m and n — m < m* i . < M, we have 

n— 1 

^ = E / ^V«,t^e- 
m=n-M+l 

By part (2) of Lemma [6.71 and (|6.ip . |Jfc j; | _1 £jt ;S t t is contained in S^f 

for some constants C,M > 0. By Lemma [6.61 $q is pre-compact in L 1 (T). 
For each [k, i) the number of intervals i ■ is uniformly bounded from above 

by a constant depending on M. Thus \ Jj: jt )S t t is contained in a 

compact subset K\ of i 1 (T). Given m, the intervals ■ with ^^=777, are 
pairwise disjoint, which implies that Cy* ,m,t is contained in a compact set £2 
of L (T). Since n — m < A/, it follows that £yt , n ,t is contained in a compact 
set £3 of L X (T). Therefore, tp^ is contained in some compact set K(rj) of L 1 (T). 

□ 
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